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SYZYGIES OF CURVES AND THE EFFECTIVE CONE OF Mg 

GAVRIL FARKAS 


1. Introduction 

The aim of this paper is to describe a systematic way of constructing effective 
divisors on Mg having exceptionally small slope. In particular, these divisors provide 
a string of counterexamples to the Harris-Morrison Slope Conjecture (cf. IIHMol ). In a 
previous paper IIFPL we showed that the divisor /Cio on Mio consisting of sections of 
K3 surfaces contradicts the Slope Conjecture on Alio- Since the moduli spaces Mg are 
known to behave erratically for small g and since the condition that a curve of genus g 
lie on a K3 surface is divisorial only for g = 10, the question remained whether /Ciq is 
an isolated example or the first in a series of counterexamples. Here we prove that any 
effective divisor on Mg consisting of curves satisfying a Green-Lazarsfeld syzygy type 
condition for a linear system residual to a pencil of minimal degree, violates the Slope 
Conjecture. A consequence of the existence of these effective divisors is that various 
moduli spaces Mg^n with g < 22, are proved to be of general type. 

We recall that the slope s{D) of an effective divisor D on Mg is defined as the 

smallest rational number a/b > 0 such that the divisor class aX — b{6o H-h ^[g/ 2 ]) — [D] 

is an effective combination of boundary divisors. The Slope Conjecture predicts that 
s{D) > 6 + 12/(g + l) for all effective divisors D on Mg (cf. PHMoll ). More generally, 
the question of finding a good lower bound for the slope of Mg 

Sg := inf{s(Il) ; D G Eii{Mg)} 

is of great interest for a variety of reasons, for instance it would provide a new geometric 
solution to the Schottky problem. In a different direction, since = 13/2 (cf. 

IHMI ), to prove that Mg is of general type it suffices to exhibit a single effective divisor 
Don Mg of slope s(Zl) < 13/2. 

The Slope Conjecture is true for all Mg with g < 9 but in BFPI we proved that 
on Mio, we have the equality s(/Cio) = 7 < 6 + 12/11 (in fact /Cio is the only effective 
divisor on Alio having slope < 6 + 12/11). In iFPl we also showed that /Cio has four 
incarnations as a geometric subvariety of Alio. In particular, /Cio can be thought of as 
either 

(1) the locus of curves [C] G Alio for which the rank 2 Mukai type Brill-Noether locus 
SU2(C, Ac,6) := {E G SU2{C,Kc) : h^{C,E) > 7} 
is not equal to 0, or 
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(2) the locus of curves [C] G TWio carrying a pencil A e Wl{C) such that the multipli¬ 
cation map : SyTC?H^{C, Kq 0 A'^) ^ H^iC, {Kq (g) is not surjective. 

The geometric conditions (1) and (2), unlike the original definition of /Cio, can 
be extended to other genera. We iix g = 2k — 2 and denote by cr : ^ Mg the 

Hurwitz scheme of fc-sheeted coverings of of genus g parametrizing pairs {C, A) with 
A G IV^(C). For each i > 0 we introduce the cycle k/g^i consisting of pairs (C, A) G 0^ 
such that Kc <S> A'^ fails the Green-Lazarsfeld property (M)- By setting := a{Ug^i) 
we obtain an induced geometric stratification of Mg 

Zgfl C Zg^l C . . . C Zg^i C . . . C Mg. 

If for each {C, A) G 0^ we consider the map C ^ pfc -2 u-i^tuced by the residual 

linear system, we can define two vector bundles A and 13 on 0^ such that 

A{C, gl) = + 2)) and B{C, A) = (i + 2) ® Oc). 

For g = Qi + IQ (hence k = M + 6), it turns out that rank(^) = rank(13) and Ug^i is the 
degeneracy locus of the natural vector bundle map 4> : A ^ B, that is, Zg^i is a virtual 
divisor on Mg, with virtual class — A). The main result of this article is the 

computation of the compactification inside Mg of this degeneracy locus (see Theorem 
14. II for a more precise statement): 

Theorem A. If a : ©Jj+g ^ A^6i+io the compactification of the Hurwitz stack by limit 
linear series, then there is a natural extension of the vector bundle map f : A ^ B over ©sj+g 
such that Zg^i is the degeneracy locus ofcj). Moreover the class of the pushforward to Mg of the 
virtual degeneracy locus of f is given by 

a„{ci{B) -ci{A)) = a X-bo 6o-bi6i - boi+^Soi+s, 

where a,bo, - ■ ■, bsi+s explicitly determined coefficients such that bj > bo for j > 1 and 
a _ 3(4i -h 7)(6 z 2 -h 19i -M2) ^ ^ 12 

^ “ (M2)(12z2 + 31z-hl8) ^ ^ g + l 

Corollary. If the degeneracy locus Zgj+io,j is an actual divisor on Moi+io, then we have that 

. _ 3(4z + 7)(6i^ +191 + 12) 12 

6^+l0,^) (i + 2)(12l2+ 311 +18) "^5 + 1’ 

thus contradicting the Slope Conjecture on Adgj+io- 

The idea of the proof is to define a whole host of vector bundles Ga,b and Ha,b over 
0^ for a,b > 0, having fibres 

ga,b{C,A)=H^{n-p,.,{a + b)zOc) and na,b{C,A)=H^{n'^,.,{a + b)). 

These bundles are related to one another by certain exact sequences im and (HJ over 0], 
(see Section 3). After an analysis over each boundary divisor iT“^(Aj), where 0 < j < 
31 + 5, we find in Section 3 a unique way of extending Ga^f, and Ha,b to vector bundles 
over 0;. such that (H]) and (l6]l continue to make sense and be exact and then use this to 
compute the Chern numbers of A = 77^,2 and B = Gi, 2 - 






3 


SYZYGIES OF CURVES AND THE EFFECTIVE CONE OF Mg 

We expect ^ 6 i+io,i to be always a divisor on A^ei+io but we are able to check this 
only for small i. To verify this in general one would have to prove that if [C] € Wlei+io 
is a general curve, then one (or equivalently all) of the finitely many linear systems 
09 i+i 2 ~ ^c{—Q\i+Q) satisfies property (W)- This is a direct generalization of Green's 
Conjecture to the case of curves and line bundles L with h^{L) = 2 (see Section 2 for 
more on this analogy). 

For g = IQ we recover of course the results from [^1. In the next two cases, 5 = 16 
and 22 we have complete results: 

Theorem 1.1. The following subvariety of Miq 

- 2 i 6 ,i := {[G] G At 16 : 3L G FFJ^(C') such that C ^ is not cut out by quadrics}, 

is an effective divisor, and the class of its compactification is given by the formula 

^16,1 = 286(407A - 61 (5o - 325 - 62 ^2 - Sg), 

where bj > bi for all 2 < j < 8. In particular s(Zi 6 1 ) = 407/61 = 6.6721... < 6 + 12/17 = 
6.705..., hence 2i6,i provides a counterexample to the Slope Conjecture on 

In a similar manner we have the following example of a geometric divisor on M .22 
of very small slope: 

Theorem 1.2. The following subvariety of M 22 

^ 22,2 := {[G] G A422 : 3L G VF 3 ^o (G) such that C M fails property (A 2 )}, 

is an effective divisor on M 22 (ind the class of its compactification is given by the formula 

Z22,2 = 25194(1665 A - 256 5o - 1407 (5i - 62^2 - &11 <5ii), 

where bj > bi for all 2 < j < 11. In particular 5 ( 2 ^ 22 , 2 ) = 1665/256 = 6.50390... < 
6 + 12/23 = 6.52173..., and ^ 22,2 gives a counterexample to the Slope Conjecture on M 22 - 

We note that while Theorem A gives a sequence of (virtual) examples of divisors 
contradicting the Slope Conjecture, for any given g one can construct other (actual) 
divisors on A4g of slope < 6 + 12/(5 +1) ^Iso defined in terms of syzygies. For instance, 
the locus consisting of curves [G] G AI 20 for which there exists L G W 2 o(G) such that 

(P L4 is not cut out by quartics (or equivalently, the map Ia{L) H^{L) Ir,{L) is 
not bijective), is a divisor on At 20 violating the Slope Conjecture. 

We record the following consequence of Theorems ll.ll and ll.2l 

Theorem 1.3. (1) The moduli space ofn-pointed curves Af 22 ,n is of general type for all n >2. 

(2) The moduli space At 2 i,n is of general type for all n > 4. 

(3) The moduli space At i 6 ,n is of general type for all n >9. 

(4) The moduli space At 20 ,n is of general type for n > 6 . 
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It is also possible to give examples of divisors of small slope on the moduli spaces 
Mg^n of n-pointed stable curves. We have only pursued this for genera g <22 with the 
goal of proving that various moduli spaces Mg^n are of general type (this is automatic 
for g > 23). One of our examples is the following: 

Theorem 1.4. The following subvariety of 14,1 

-2^14,0 ■= {[C',p] G Afi 4 ,i : 3L G Wf^{C) such that C fails property (A^o)} 

is an effective divisor on The class of its compactification z\^ q is given by the formula 

0 = 33(237 A + 14 V' - 35 <5o - 169(5i - 183(5i3 - ^ 2^2 -fti2<^i2), 

where bj > 15 + 27j for 3 < j < 12, j / 4, 62 > 325 and 64 > 271. In particular [ 2 ^ 14 ^ 0 ] 
lies outside the cone 0/Pic(Ali4,i) spanned by pullbacks of effective divisors from AI14, the 
boundary divisors Jq) • • •; <^13 ‘ind the Weierstrass divisor W on A 1 144. 

An equivalent formulation of the Slope Conjecture on Adg for g such that 9 + 1 
is composite (which we learned from S. Keel), is to say that the Brill-Noether divisors 
consisting of curves with a gjj when g — {r + l){g — d + r) = — 1 , lie on a face of the 
effective cone Eff(Alg). It is well-known that s{M^g ,f) = 6 -|- 12 /( 5 r -|- 1 ) (cf. IIEH3II ). so 
the Slope Conjecture singles out these divisors as being of minimal slope. One can ask a 
similar question on Mg^i- Are the pullbacks vr* {Mg f) of the Brill-Noether divisors from 
Mg and the Weierstrass divisor W := {[Cjp] G Mg^i : p G C is a Weierstrass point} on 
a face of the effective cone Eff(Alg,i)? The question makes sense especially since in 
1EH21 it is proved that the class of any generalized Brill-Noefher divisor on Mg^i (that 
is, any codimension 1 locus of curves (C, p) G Mg^i having a linear series with special 
ramification at p) lies inside the cone of Pic(A4g,i) spanned by by ['n:*{Mg^f}\ [W]. 

Theorem 11.41 shows that at least for <7 > 14 the answer to the question raised above is 
emphatically negative. 

Acknowledgments: I had useful conversations with many people on subjects 
related to this paper. I especially benefitted from discussions with J. Harris, S. Keel, D. 
Khosla and M. Popa. 


2. Syzygies of algebraic curves 

In this paragraph we review a few facts about the resolution of the ideal of a 
curve embedded in a projective space. As a general reference for syzygies and Koszul 
cohomology we recommend iLl or iGLt . 

Suppose fhat C is a smooth curve of genus g and L is a very ample line bundle 
on C giving an embedding C —> = P(K), where V = H^{L). We denote by Ic/v^ the 
ideal of C in P^ and consider its minimal resolution of free S = Sym(l/)-modules 

0 ^ Fr+l ^ F 2 ^ Fi ^ Ic/V^ 0- 

Then one can write Fj = (Biei,S{-j — /)^Li(C')^ where bj^i{C) = dimcTorJ(5'(C'), is 

the graded Betti number of C that comes on the /-th row and j-th column in the Betti 
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diagram of C. Following Green and Lazarsfeld we say that the pair (G, L) satisfy the 
property [Ni) for some integer i > 1 , if Fj = ®S{—j — 1) for all j < i (or equivalently 
in terms of graded Betti numbers, hi^i{C) = 0 for all I > 2). Using the computation of 
bj^i{C) in terms of Koszul cohomology, there is a well-known cohomological interpreta¬ 
tion of property (Ni): we denote by M = flpr (1) and Ml = M ® Oc, hence we have an 
exact sequence 

0 ^ Mi ^ <S)Oc^L^O. 

By taking exterior powers, for each i > 0 we obtain the exact sequence: 

(1) 0 ^ ^ A*+*M°(L) A^Ml 0 L ^ 0. 

If L is a normally generated line bundle on C, then [C, L) satisfies property (iVj) if and 
only if for all j > 1 , the natural map 

Uij : A*+^M°(L) 0 ^ H^{MMl 0 

obtained by tensoring the sequence ([T]) and taking global sections, is surjective (cf. e.g. 
BGLI . Lemma 1.10). 

We will be interested in the vector bundle in the case when G is a curve of 
genus g = 2k — 2 and L = Kc 0 A'^ is residual to a base point free pencil A e lU^(G). 
We start by establishing a more general technical result used throughout the paper: 

Proposition 2.1. Let C be a curve of genus g and L a globally generated Q^^on C. Ifp> 1 is 
an integer such that g -|- min{r,p} < d, then for all j >2 and 0<i<p + 2 — j, we have the 
vanishing H^{A^Ml 0 = 0 . 


Proof We use a filtration argument due to Lazarsfeld |0. We choose general points 
xi,..., Xr-i G C such that h^{C, L 0 Oci—xi — ■ ■ ■ — Xr-i)) = 2 and then there is an 
exact sequence 

0 —> Xr—i) — Ml —> ^ 0 - 

Taking exterior powers, we can write the exact sequence 

0 ^ A^-\®^rlOci-Xj))®L'^ixi + --- + Xr-i) A^Ml A\®^r\Oc{-Xj)) 0. 

In order to conclude that H^{A^Ml 0 L®-^) = 0, it suffices to show that for all 1 < i < 
min{r — l,p} we have the following: 

( 1 ) 0 Oc{—Di)) = 0 for each effective divisor Di G Ci with support in the set 
{xi,.. .,Xr-i}, and 

( 2 ) 0 Oc{Dr-i)) = 0 , for any effective divisor D^-i G Cr-i with support 
contained in {xi,..., x^-i}. 

Statement ( 2 ) follows because of degree reasons. The only way (1) could fail is when 
3 = 2 and hP{Kc 0 LA) > r — i -\- 1, which by the Riemarm-Roch theorem implies that 
g + i > d + \ and this contradicts our numerical assumption. 

□ 

Remark 2.2. (1) Forp > r, the condition g'-|-min{p, r} < d is equivalent with H^[L) = 0 . 
(2) Since we work in characteristic 0, the same filtration argument from the proof of 
Proposition l2.1l can be used to show that Ml is a stable vector bundle on G. 
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We fix g = 2k — 2 where k > 3. We denote by Mg the open substack of Mg con¬ 
sisting of curves C of genus g which carry no 0 fc_i's and which have no automorphisms 
(clearly the complement of Mg inside Mg has codimension > 2). Over Mg we have a 
universal curve vr : C —> Mg and we also consider the Hurwitz stack a : (Sj^ M^ 
parametrising pairs {C, A), where [C] G Mg and A G Wl{C) is a (necessarily base point 
free) on C. If is a classical resulf fhaf 0^ is a smoofh irreducible sfack which is fi¬ 
nite over M^g. The isomorphism 3 {C,A) {C,Kc 0 A^) G will be used 

throughout the paper. 

Let us consider now an element {C,A) G andsetL := Kc0A'^. The genericity 
assumption on C implies that L is very ample and gives an embedding C C P^-2 of 
degree 3k — 6 . We denote by Zc the ideal sheaf of C in this embedding. 

Proposition 2.3. Fix integers g = 2k — 2 with k > 3 and i > 0 with 2k > 3i + 7. If 
{C, A) G and L = Kc 0 A^, then (C, L) fails to satisfy property {Nf if and only if 

ft»(P‘AAWp.-,®Ic( 2 ))> + + 1 - 

Proof We use the following diagram of exact sequences for the embedding : 


A*+^Mpfc -2 0lc{l) 


A*+iMpfc-2(l) 


A^+^Ml0L 


A+^H^{O.pk-2il))0lc{l) 




A^+^H^{L)0L 


0 

A*Mpfc-2 0Zci2) 

A*Mpfc- 2 ( 2 ) 

C 

A*Ml ® 

0 


For simplicity we denote by the same symbol the map on global sections corresponding 
to a sheaf morphism and the morphism itself. Since H i(pfc-2^ A*+iMpfc- 2 (l)) = 0 (be¬ 
cause of Bott vanishing, see lOSSII . pg. 8), we can apply the snake lemma to the diagram 
obtained by taking global sections in the two lower rows. The map induced by b is an 
isomorphism, which gives an isomorphism 

^0(pfc-2^ A*Mpfe -2 0lc{2)) = H\P^-^,A"^^Mpk -2 0lc{l)). 

From Proposition l2.1l we have that H^{A’‘Ml 0 L?) = 0, and thus C satisfies (W) if and 
only if the map 

0L)^ A*+^Fr°(L) ® h\l) 

is an isomorphism, or equivalently /i^(A*+^M 2 , 0 L) < /i^(A*+^iL‘^(L) 0 L) = 2(^“^). 
From the Riemann-Roch theorem, this is the same thing as having 

dim(Coker(<.)) < (t - 3i - 6) + 2^ “ J) - f.-lf 
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But Coker(a) = H^{/\^M-pk -2 0 Zci^)), so failure of (iVj) is equivalent to the map c 
having a kernel of dimension at least 


k-2 
i + l 


(fe - 3i - 6 ) + 2 


k-l 
i + 1 


k-l 
i 2 


+ 1 = 




{k-i-2){i + 2) 


) + l. 


□ 


Remark 2.4. An immediate consequence of this proof is that when A: — 3i — 6 < 0 (or 
equivalently y < 6z + 8), the pair (C, A) always fails property {Ni). When A; = 3i + 6 
we have that (C, A) fails (Aj) if and only if A®Mpfe -2 0 Zc{2)) > 1, which we 

expect to be a divisorial condition on 0 ^. 


This proposition allows us to define a determinantal substack of 0^ consisting of 
pairs (C, A) for which L fails to satisfy property {Ni). On the fibre product C 0^ 
there is a universal Poincare bundle L whose existence is guaranteed by the universal 
property of 0^. If pi : C Xj^o ^ C and p 2 '■ C Xj^o ^ iSl are the natural 
projections, then <5 ;= p 2 *(Pi<^ 7 r 0 >C^) is a vector bundle of rank A:—1 with fibre <5(0, A) = 
H^{C, Kc 0 A^) over each point {C, A) G 0^. We have a tautological embedding of the 
pullback of the universal curve C 0^ into the projective bundle u : P(£^) ^ 0], and 
we denote by J <Z Op(£-) the ideal sheaf of the image. Next, we define the vector bundle 
AA on P(f’) by the sequence 

0 ^ A ^ u*{£) Op(^)(l) ^ 0 , 

and we further introduce two vector bundles A and B over 0 ^ by setting 

A := u^{NN ® Op(£;)( 2 )), and B := m*(aW 0 0(..^^^^i^{2)) . 

If O C P^“2 is the embedding given by L = Kc 0 A^, then 

A{C,A) = A 0 (P*^- 2 ,A*Mpfe- 2 ( 2 )) and.B(C,A) = H^{C,NMl® 


and there is a natural vector bundle morphism (j) : A ^ B. From Grauert's Theorem we 
see that both A and B are vector bundles over 0 ^ (for B use that H^{C, NMc 0 = 0 

because of Proposition I2.1|) . Moreover from Bott's Theorem (see again lOSSII l and the 
Riemarm-Roch Theorem respectively, we obtain that 


rank(A) 



and rank(.B) 


k-2 

i 


(4A:-9-3i). 


Then Proposition l2.3l can be restated as follows: 

Proposition 2.5. The cycle 

Ug^i := {(C, A) G 0fc : (C, Kc ® A^) fails property {Ni)}, 

can be realized as the degeneracy locus of rank (i — 1 ) (^+ 1 ) + (i + 2 ) (^^ 2 ) “ (i+i) (^ — 3i - 6 ) — 1 
of the vector bundle map 4>: A^ B over 0],. 
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In this way we obtain a stratification of M^g with strata Zg^i := cr{Ug^i) consisting 
of those curves C for which there exists a pencil A G (C) such that (C, Kc 0 A'^) fails 
property (Ni). Note that when = 6i + 10 then rank(^) = rank(S) and Ug^i is simply 
the degeneracy locus of 4> and we expect Zg^i to be a divisor on Mg. 

It is of course very natural to compare this newly defined stratification 

Zgfi C Zg^l C . . . C Zg^i C . . . C M^g 

with the more classical stratification of Mg defined in terms of syzygies of Kc- If for 
each i > 0 we set 

^ 9 ,i ■= {[C*] ^ ^9 ■ {C,Kc) fails property (iVj)}, 

then Green's Conjecture for generic curves of fixed gonality (cf. PV3L PV2I ) can be read 
as saying that for all 0 < i < (g' — 2 )/ 2 , the locus Afg^i coincides with the (i + 2 )-gonal 
locus Mg . 1^2 of curves with a while Mg^i = Mg for all i > {g — l)/2. One of the 
morals of this paper is that the stratification Zg^i is very different in nature from the 
one given by gonality: whereas Mg^o is the locus of hyperelliptic curves of genus g, the 
smallest stratum Zg^Q is intimately related to the locus of curves lying on it's surfaces 
which is well-known to be transversal to any Brill-Noether locus (a curve of genus g 
lying on a general KS surface satisfies the Brill-Noether Theorem, cf. iLi ). 

We have already seen that Zg^i = M^g when g < Qi + S (cf. Remark |2.4|) . A result 
due to Mukai and Voisin (cf. PVll , Proposition 3.2) states that if C is a smooth curve of 
genus g = 2k — 2 sitting on a K3 surface S with Pic(5) = Z [C], then for all A G ly^(C') 
the multiplication map Syro?{Kc 0 A'^) H^{{Kc 0 is not surjective, in 

other words, [C] In a forthcoming paper we will show that the converse also 

holds, that is, the closure in Mg of the smallest stratum Zg^ coincides with the locus 

JCg := {[G] G Mg : C lies on a K3 surface}. 

The possibility of such an equality of cycles has already been raised in Voisin's paper 
(cf. IVIL Remarques 4.13). Its main appeal lies in the fact that it gives an intrinsic 
characterization of a curve lying on a iT3 surface which makes no reference to the K3 
surface itself! We now make the following: 

Conjecture 2.6. For an even genus g >Qi + 10, the stratum Zg^i is a proper subvariety 
of M^g. In particular, when <7 = 6i -|- 10, the stratum Zg^i is a divisor on M^g. 

For g < 8 the conjecture is trivially true because Kg = Mg, that is, every curve 
of (even) genus g < 8 sits on a iT3 surface. The first interesting case is g = 10 when 
the conjecture holds and the identification Kio = 0 io,o is part of a more general picture 
(see iFPl for details). We have checked Conjecture 12.61 for all genera g < 2A sometimes 
using the program Macaulay. We will describe this in detail in the most interesting 
cases, g = 16 and g = 22 , when the strata 0i6,i and 022,2 are divisors on Mie and M 22 
respectively. 

Theorem 2.7. Let C be a general curve of genus 16. Then every linear series A G Wg{C) gives 

an embedding C ^ p7 of degree 21 such that the ideal of C is generated by quadrics (that 

is, it satisfies property (Ni)). In particular 0i6,i is a divisor on Mi%. 
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Proof. From the irreducibility of the Hurwitz scheme of coverings of it follows that 
the variety 6g = ©ig.g parametrizing pairs {C,A) with [C] ^ Miq and A G VFg^(C') is 
irreducible. To prove that 2^16,i is a divisor it is enough to exhibit an element (C, A) G 6g 

\Kc^A'^\ „ 

with Kc ® A^ very ample, such that the embedded curve C ^ P' is cut out by 
quadrics. 

We consider 13 general points in P^ denoted by pi,p 2 , • • •, Q? and ri,..., r 4 
respectively, and define the linear system 

7 4 

H — 8h — 2>{Ep^ + i^p2) “ 2 Eq^ — Ej.^ 

i=l j=l 

on the blow-up S = Bli 3 (P^). Here h denotes the pullback of the line class from P^. 


Using the program Macaulay it is easy to check that S 
graded Betti diagram of S is 




P^ is an embedding and the 


1 _ _ _ 

- 7 - - 

- - 35 56 

Thus S is cut out by quadrics. To carry out this calculation we chose the 13 points 
in P^ randomly using the Hilbert-Burch theorem so that they satisfy the Minimal Res¬ 
olution Conjecture (see IlSchTi for details on how to pick random points in P^ using 
Macaulay). Next we consider a curve C C S' in the linear system 

6 3 

(2) C = 14/i — h{Ep^ -\- Ep ^) ~ 4 Eq^ — 2>Eq.j — 2 E^.^ — Ur -4 • 

i=l j=l 

By using Macaulay we pick C randomly in its linear system and then check that C is 
smooth, g{C) = 16 and deg(C') = 21 . To show that C is cut out by quadrics one can 
compute directly the Betti diagram of C. Otherwise, since S is cut out by quadrics, to 
conclude the same thing about C, it suffices to show that the map 

m : H) 0 H^{S, 2H - C) ^ H^{S, - C) 

is surjective (or equivalently injective). Since hf{S, 2H — C) = 2, from the base point 
free pencil trick we get that Ker(m) = H^{S, C — H) = 0, because C — H = (Sh — 2Ep^ — 
2Ep.2 ~ 2 Eq. — Eq.j — Etj is clearly not effective for a general choice of the 13 
points. □ 

Remark 2.8. A possible objection to this proof could be that while we defined the Hur¬ 
witz space 00 —> Miq over the open part of M.iq consisting of curves carrying no gg's, 
the curve C we constructed in the proof of Theorem 12.71 might lie outside Al^g. How¬ 
ever, this does not affect our conclusions because for every g and I < {g + 3)/2, the 
Hurwitz space of pairs (C, A) with [C] G Mg an A G 1U/(C'), is an irreducible variety, 
that is, there can be no component of the Hurwitz space mapping to a proper subvariety 
of the /-gonal locus Mq ; (This statement can be easily proved with the methods from 
HAOl). 






10 


G. FARKAS 


Remark 2.9. For later use we are going to record a slight generalization of Theorem 12.71 
The conclusion of the theorem holds for the image in of any plane curve C that is 
sufficiently general in the linear system given by (|2]) . In particular one can choose C 
to have a cusp at a general extra point y G P^, in which case we obtain that a general 
one-cuspidal curve C C P^ of arithmetic genus 16 and degree 21 is cut out by quadrics 
(this again is quite easily checked with Macaulay). Since the Hilbert scheme of these 
curves is irreducible (use again the Hurwitz scheme), it follows that for a general {C, y) G 
and for an arbitrary linear system L G W^i (C) having a cusp at y, the ideal of the 

cuspidal image curve C ^ P^ is generated by quadrics. 

In a somewhat similar manner we are going to show that for g = 22 the locus 
- 222,2 is a divisor. 

Theorem 2.10. Let C be a general curve of genus 22. Then for every linear series A G FFi 2 (C') 

we have that \Kc ® is very ample and the resulting embedding A ^ satisfies 

property {N 2 ). In particular, the locus of curves C of genus 22 carrying a linear series 03 Q = 
Kc{—Qi 2 ) which fails to satisfy property {N 2 ), is a divisor on M 22 - 


Proof Ideally we would like to construct a rational surface S C P^*^ which satisfies 
property (A^ 2 ) and then consider a suitable curve C C S with g{C) = 22 and deg(C') = 
30. For numerical reasons this will turn out not to be possible but we will be able to 
construct a smooth curve C C S with g{C') = 20 and deg(C") = 28 which satisfies 
{N 2 ). The desired curve C will be a smoothing in P^*^ of C U L U L', where L and L' are 
general chords of C'. 

We start by choosing random points p,pi,... ,p 7 ,qi,... ,q 5 G P^. Then the linear 
system 

7 5 

H = llh - AEp - - 2Y^ Eg. 

i=i j=i 

yields an embedding S C P^° of Bli 3 (P^). Using Macaulay we get that the upper left 
corner of the Betti diagram of S is 


1 _ _ _ _ 

- 29 98 72 - 

- - - 264 - 

that is, S satisfies property {N 2 ), hence H^{S, A^Ms{l)) =0. If T = 77 is a general 
hyperplane section of S, then ^((F) = 13, deg(F) = 22 and an argument very similar 
to the one in Proposition 12.11 shows that the vector bundle Mr is stable. In particular 
A^Mr(2)) = 0. Since = Mr © Or one can write the exact sequence 

0 —> A*Ms(l) —^ A"Ms{2) —> A*Mr(2) © A*“^Mr(2) —^ 0, 
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which leads to the vanishing A^M 5 ( 1 )) = 0. Suppose now that C C 5 is a smooth 
non-degenerate curve. We have a commutative diagram: 

H^[a^Ms{2H -C)) ^ H^{a^Ms{H -C)) A^H^{Os{1))(^H^{H-C), 

where the leftvertical map is isomorphic because//^(S',A^M 5 ( 1 )) = A^Ms{l)) = 

0. To conclude that C satisfies {N 2 ), it suffices to show that (5, A^Ms{2H — C)) = 0, 
or equivalently, that the map / : A^H^{Os{^)) 0 H^{2H — C) ^ H^{Ms{3H — C)) 
obtained from the Koszul complex, is surjective. If (deg(C'), ^((7)) = (30,22), then one 
cancheckeasilythat/i°(5,2Tf —(7) = Sand hP{S,Ms{3H— C)) = 207,hence /carmotbe 
surjective for dimensional reasons. The closest we can get to these numerical invariants 
is when (deg((7), (/((7)) = (28,20) and this is the type of curve on S we will be looking 
for. Take 

7 5 

C' = 17h - 6Ep - 5 ^ - 3 ^ Eq ^, 

i= j=l 

and consider the embedding C' C given by \H\. Using Macaulay we check that C' 
is a smooth curve of genus 20 and degree 28 with graded Betti diagram 

1 - - - 

- 27 80 - 

- - - 432 

Hence C satisfies (A^ 2 )- Now choose two general chords L and L' of C and define 
(7 := C" U L U L'. Clearly g{C) = 22, deg((7) = 30 and one last check with Macaulay 
shows that b 2 j{C) = 0 for j > 2 , that is, C satisfies {N 2 ). 

□ 

Remark 2.11. Just like in the case = 16 we have a slight variation of the last Theo¬ 
rem. The same proof shows that for a general ((7, y) € A 42 i,i arid for an arbitrary linear 

series L G W^q{C) that has a cusp at y, the one-cuspidal image curve C ^ satisfies 
property {N 2 ). 


3. Intersection theory calculations on Mg 

Recall that we have realized ^ei+io,* as the image of the degeneracy locus ^/6j+io,i 
of a vector bundle morphism (j> : A ^ B over ©].. To compute the class of the compact- 
ification 06i+io,i we are going to extend the determinantal structure of 06i+io,i over the 
boundary divisors in M^i+iQ. 

We set g :=Qi + 10, k :=3i + Q and denote by Mg ;= M^ U the locally 

closed substack of Mg defined as the union of the locus Mg of smooth curves carrying 
no linear systems to which we add the open subsets A° c Aj for 1 < j < 3f -L 5 
consisting of 1-nodal genus g curves C yjy D, with [C] C Aig-j and [D,y] G Mj^i being 
Brill-Noether general curves, and the locus Ajj c Aq containing 1-nodal irreducible 
genus g curves C = C/q ^ y, where [(7, q] G Mg-i is a Brill-Noether general pointed 
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curve and y ^ C, together with their degenerations consisting of unions of a smooth 
genus g — I curve and a nodal rational curve. One can then extend the finite covering 
cr : ^ -Mg to a proper, generically finite map 

a : - Mg 

by letting be the variety of limit Sg^^g's on the treelike curves from Mg (see BEHIL 

Theorem 3.4 for the construction of the space of limit linear series). 

We will be interested in intersecting the divisors Zg^+io,* on Mg with test curves 
in the boundary of Afgj+io which are defined as follows: we fix a Brill-Noefher general 
curve C of genus 2A: — 3 = 6 i + 9, a general point q & C and a general elliptic curve E. 
We define two 1 -parameter families 

( 3 ) c° := : 2/ G C} C Ao C M2k-2 and := {CUyE : y e C} C A, C M2k-2- 

yr^q 

It is well-known that these families intersect the generators of Pic(Ad 2 fc- 2 ) as follows: 
CO • A = 0, • (5o = -(4A: - 6 ), C7° • = 1 and • (5^ = 0 for a > 2 , and 

■ A = 0, • Jo = 0, = -{Ak - 8 ), = 0 for a > 2. 

Next, we fix an integer 2 < j < k-l, a general curve C of genus 2k — 2 — j and 
a general curve pointed curve {D,y) of genus j. We define fhe 1-paramefer family 
:= {C VAy D : y ^ C} C. Aj C M 2 k- 2 - We have that 

a .\ = 0 , = 0 for a / j and a ■ 6j = -{Ak - 6 - 2j). 

During our calculations we will often need the following enumerative result (cf. IHMl , 
Pg- 71): 

Proposition 3.1. Let C be a general curve of genus j, y ^ C a general fixed -point and an 
integer 0 < a < j/2. 


(1) The number of pencils A G Wj_^_^i(Y) satisfying hP{Y, A{—{j -|-1 — 2a)y)) > 1 is 
equal to 


a{j, a) 


j + l- 2a /j\ 
j + 1 — a \aj 


(2) The number of pencils A G satisfying h^{Y, A{—{j — 2a)q)) > 1 for some 

unspecified point q eY is equal to 


b{j, a) 


U - 2a - l){j - 2a){j 


2a+ 1) 



Definition 3.2. (1) For a fixed general curve C of genus 2k — 3 we denote by 6{k, 1) the 
(finite) number of linear series L G lP 3 ^^ 1 ^g(C') for which there exists a point y & C with 
hP{L{—2y)) > k — 2 and hP{L{—ky)) > 1. 

(2) We fix 2 < J < k — 1, 0 < a < j /2 and a general curve C of genus 2k — 2 — j. We 
denofe by J(fc, j, a) the number of linear series Lc G for which there exists 

a pointy G C such that hP [L{—{a+l)y)) > A: —1 —a, hP\L{—{j — aY2)y)) > A;—l-|-a—j 
and hP{^L{—{k + l)y)) > 1. 
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The numbers 6{k, 1) and 6{k,j,a) can be computed by degeneration. Since we 
do not need their actual values we skip this calculation. Next we describe set 

theoretically. To set notation, if X is a treelike curve and I is a limit on X, for a 
component Y of X we denote by ly = {Ly, Vy C H^{Ly ) ) the X-aspect of 1. For a point 
y e Y we denote by {a''/ (C)}s=o...r the vanishing sequence of I at y and by p{ly,y) := 
p{g, r, d) — (y) ~ *) adjusted Brill-Noether number with respect to y 

Proposition 3.3. (1) Let Cy = C Uy E be an element ofA^. If {Ic,Ie) Is a limit on Cy, 
then Vc = H^{Lc) and Lc G has a cusp at y, that is, h^{C,L{—2y)) = k — 2. 

If y G C is a general point, then Ie = {pE{{f>k — 6)y), {2k — 5)y + \{k — l)y|), that is, 
Ie is uniquely determined. If y G C is one of the finitely many points for which there exists 
Lc G that p{Lc,y) = —1, then lE{—{2k — 6)y) is a g^“^ with vanishing 

sequence at y being > (0,2,3,..., A: — 2, k). Moreover, at the level of 1-cycles we have the 
identification a*{C^) = X -|- 6{k, 1) T, where 

X :={{y,D)€Cx Ck -2 : h\C, D + 2y)> 2} 

and T is the curve consisting o/g^“^'s on E with vanishing > {0,2,... ,k — 2, k) at the fixed 
point y ^ E. 

(2) Let Cy = C/y ^ q be an element of Aq. Then limit linear series of type g^^^g on Cy are 
in 1:1 correspondence with complete linear series L on C of type gg^^g satisfying the condition 
hf{C, L®Oc{—y — q)) = h^{C, L) — 1. Thus there is an isomorphism between the cycle a*{C^) 
of on all curves Cy with y & C and the smooth curve 

Y:={{y,D)eCxCk- 2 :h\C,D + y + q)>2}. 

Proof. We only prove (1) the remaining case being similar. Suppose I = {lc,lE)isa limit 
Qsk-e ^y- Using the additivity of the Brill-Noether number (see e.g. IIEHIL Lemma 
3.6), we get that 0 = p{2k — 2, k — 2,3k — 6) > p{lc,y) + p{lE,y)- Since the vanishing 
sequence at y of the LJ-aspect of I is 

(y) < {2k - 5,2k - 4,... ,3k - 8,3k - 0), 

it follows fhat we also have the inequality (y) > (0,2,..., fe — 1). If y G C is general, 
then p{lc, y) = 0 and a}^{y) = {0,2,... ,k — 1). Moreover, lc corresponds to a complete 
linear series \Lc\ on C such that h^{C,Lc) = 1 and h}{Lc 0 Oc{—2y)) = 2. If y G C 
is one of the points such that p{lc, y) = —1, then since C is Brill-Noether general we 
must have (y) = 0, which implies that (y) = (0,2,... , A: — 2, k), hence (y) > 
{2k — 0,2k — 4,... ,3k — 8,3k — 6), or equivalently, Ie = {2k — 6)y -|- \ Ve\, where Ve C 
H^{OE{ky)) is a g^“^ with vanishing sequence > {0,2,3,... ,k — 2,k) at y. An easy 
argument shows that the variety Y of such Ve's is isomorphic to P{OE{ky)\ 2 y)- U 

Proposition 3.4. Let Cy := C Uy D be an element from A°, where 2 < j < k-1, g{C) = 

2k — 2 — j and g{D) = j. Suppose {Icfn) is a limit gg^^g on Cy. If y & C is a general point, 
then lc has the divisor {j — 2)y as base locus and there exists an integer 0 < a < [y 72 ] such 
that lc{—{j — 2)y) = \Lc\, with Lc G satisfying the inequality 

{y) > {0,1,... ,a — l,a + l,a + 2,... ,j — a, j — a + 2,j — a + 3,... ,k — l,k). 
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Moreover Id is one of the a{j,a) linear systems on D of type {2k — j — A)y + \Ld\, with 
Ld G W^Z 2 +jiD) suchthat h^{LD{—ik+l — a)y)) =aand hP{LD{—{k+a—j)y)) =j — a. 

If for some integer 0 < a < [j/2], y G C is one of the b{2k — 2 — j,k — l + a — j) points 
for which there exists Lc G such that h^{Lc{—{a + ‘2)y)) = k — 1 — a and 

hP{Lc{{j — a + 2)y)) = k — j + a, then there are two possibilities: 

(1) The aspect lc is of the form {j — 2)y+ \Lc{—y)\, whereas Id = (2fe — j — 4)y + \Ld\, where 
Ld G W^Z 2 +j{D) satisfies hP{LD{-{k + 1 - a)y)) > a and hP{LD{-{k + 1 + a- j)y)) > 
j -a-l. 

(2) The aspect lc is of the form {j — 3)y + {Lc,Vc), where Vc C H^{Lc) is such that 
H%Lci-2y)) c Pc, and Id = {2k -j- 4)y + \Ld\ with Ld G Wj^:^^^{D) and 

a^^{y) = {0,1,... ,k — 1 — j + a,k + 1 — j + a,... ,k — 1 — a,k + 1 — a,... ,k — l,k + 1). 

Finally, if for some 0 < a < [j/2], y G C is one of the 6{k,j,a) points for which there 
exists Lc G Pic^^~^~^ {C) such that 

{y) = {0,l,...,a — l,a + l,...,j — a,j — a + 2,...,k — 2,k — l,k + l), 
then lc = {j— 2)y + \Lc\andlD = {2k —j— 5)y + l'j^,where I'j^is a(non-complete) Q^Zi+j on 
D satisfying al‘D{y) = {0,2,... , k— 1 + a — j, k + l + a — j,... ,k — a, k + 2 — a,... ,k, k + 1). 

Proof. Since by definition [D, y] G Afyi is Brill-Noether general, we have that p{lD,y) > 
0. The locus of those {C,y) G M 2 k- 2 -j,i carrying a with p{g^f‘^Q,y) < -2 is of 
codimension > 2, hence we must also have that p{lc-,y) > ~1- Using Proposition 1.2 
from IEH3II we have that afg^iv) ^ k — 2 + j and {y) > j — 3. There are two cases to 
consider: 

(a) If pfc, y) = 0, then p{lD,y) = 0. Assume first that {y) = j — 2. Since we have that 

0 < aU (^y^ — g — (j — 2 ) < 2 for all 0 < s < A: — 2 , there must exist an integer 0 < a <[j / 2 ], 
such that if Lc denotes the obtained from lc by removing (j — 2)y, then the 

vanishing at y is a^o{y^ = {0,1,... ,a — l,a + l,a + 2,... ,j — a,j — a + 2,... ,k). By 
compatibility. Id has {2k—j — 4)y in its base locus and we write Id = {2k—j — 4:)y+\LD\, 
where {y) = {0,1,... ,k — 2 + j — a,k + j — a,... ,k — 1 — a,k + 1 — a,... ,k). By 
Riemarm-Roch, the number of such Ld's equals the number of gj_Q,_|_i's on D with a 
(j — 2a -|- l)-fold point at y which is computed by a{j, a). If {y) = j — 3, we denote by 
Lc G Pic^^~^~^ {C) the line bundle obtained from lc by subtracting (j — 3)y, and again 
we see that there must exist 0 < a < [j/ 2 ] such that h^{Lc{—{j — a + 2)y)) = k — j + a 
and hP{Lc{—{oi + 2)y)) = k — 1 — a. By duality, Kc ® L'f (g) Oc{{j — a + 2)y) is one 
of the finitely many 0 ]._]^_„'s on C with a {j — 2a)-fold point at y. This number equals 
b{2k — 2 — j,k — 1 + a — j) and this explains case ( 2 ) of our statement. 

(b) If p{lc, y) = —1, then p{lD,y) = 1- An argument similar to that used above gives two 
possibilities for (y) and the rest follows because lc and Id are compatible at y. □ 

Retaining the notation from Proposition 13.41 for each integer 0 < a < [j/2] we 
define the following 1-cycles: 
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X,-„ := {{y, Lc)€Cx (y) > a + 1, af^^iy) >j-a + 2}, 

■= {(y> l)^Cx Gg^2^_3(C) : a[{y) > 2, a^(y) > a + 2, a\_^_^{y) >j-a + 2 }, 
■= {Ld G Pic''“^+^(L>) : >k + a-j + l, a^°^_^{y) >k-a + l} 

and 

■= G GI_1^j{D) : a\{y) > 2, a|j_]^_,_^_j(i/) > A: + q: — j + 1, > A; — a + 2}. 

Via Proposition l3.4l we view Xj^a, X- Y'-^ and Y”'^ as 1-cycles on ® 3 ^^g. Note that Xj^a 
projects onto C while Y'- ^ is isomorphic to the union of6(2A: — 2 — j, A: — l-|-a — j) copies 
of P^. We can then rephrase Proposition 13.41 as follows: 

Proposition 3.5. If a : ^ Mg is the natural projection and [C] G M 2 k- 2 -j where 

2 < j < A: — 1, then we have the following numerical equivalence relation between 1-cycles: 


[i/2] 

^ (a{j, a) Xj^a + d{k, 2k - 2 - j,k + a - j) 

-yb{2k-2-j,k-l + a-j) y”^ + 6{j, a) y'”^ . 

To compute the class of the cycles introduced in Propositions 13.31 and 13.51 we in¬ 
troduce some notation. Let C be a Brill-Noether general curve of genus g. We denote by 
Cd the d-th symmetric product of C, by C C x the universal divisor, and by £ the 
Poincare bundle on C x Pic'^(C'). We also introduce the projections tti ■. C xCd ^ C and 
•K 2 : C X Cd ^ Cd (and we use the same notation for the projections from C x Pic‘^(C') 
onto the factors). We define the cohomology classes 

h = Tidpomf]) G H‘^{C X Cd) and x = t^ 2 {C>xo) G H‘^{C x Cd), 

where xq G C is an arbitrary point and := {D G : xq G D} (the definition of x is 
obviously independent of the point xq). Finally, ii5i,...,52g^H\C,'L)^H^{Cd,'X) is 
a symplectic basis, then we define the class 

g 

7 := -^(7rj‘('5a)7r|((i5+a) -vrj‘((5g+„)7r|((5„)). 

With these notations we have the formula (cf. IIACGHI , p. 338) [Ad] = dp + y + x, 
corresponding to the Hodge decomposition of [Ad]. We also record the formulas 7^ = 
77 = 0, 7^ = 0 and 7^ = —2^712(6), where 9 G H‘^{Cd, If is the pullback of the class of 
the theta divisor on Jac(C'). Similarly, ci(£) = dp + p, where 7,7 G H‘^{C x Pic‘^(C')) 
pull back to 7, 7 G H‘^{C x Cd)- When d = k — 2 and g = 2k — 3, we set M := 
ttI{Kc) 0 C’cxCi,_2(-^)/hence ci(A 4 ) = {3k - 6)7 - 7 - x. 

We now compute the class of the curves X and Y defined in Proposifion l3.3l 
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Proposition 3.6. Let C be a Brill-Noether general curve of genus g = 2k — 3 and q G C a 
general point. 


(1) The class of the curve X = {{y, D) G C x Ck -2 '■ D + 2y) > 2} is given by 




Qk 


-2 


Qk 


-3, 


26'^ 


-3, 


'7 


+ ■ 


2x9^ 


-4 


7 


(A:-2)! (fc-3)! 

Mk + l)^^k-4^^ 


(k-4)! (k-4)! 


(k-3)! 
4k-2 


+ 




(2) The class of the curve Y = {{y, D) G C x Ck -2 ■ h^{C, D + y + q) >2} is given by 


[y] = 


Qk-2 


Qk 3^ 


Qk-3^ 

Jk^\ 


x9^ “^7 
^(A:-4)! 


k + 1 
{k-4)\ 


x9^-^y + 


k-l 


fc-3„ 


Proof We will realize both X and Y as pullbacks of degeneracy loci and compute their 
classes using the Thom-Porteous formula. We consider the map e : C x Ck -2 Ck 
given by e{y, D) := 2y + D. It is easy to check that 

e*{x) = 2rj + X and e*{9) = 4gri + 6 — 2y. 

Then X = e*{Cf) and to compute the class of C^ = {E G Ck '■ h?{E) > 2} we in¬ 
troduce the rank k vector bundle V := (7r2)*(7r|if’c' ® Ou) on Ck having total Chern 

class ct{V) = (1 — (cf. lACGHL pg. 240). There is a natural bundle map 

(jY : e*(7^^) ^ H^{KcY 0 OcxCfc_ 2 / X = Zk-iifY). Then by Thom-Porteous, we 
can write 


1 .j.Qk —3 

^ ^ct(e*(pv))]fc-2 = ^ ((A:-2)! ” (A:-3)!^ ^ 

{4gr] + 6 — 2yY~^ {4gr] + 6 — 2'yY~^{2g + x) 

^ (fc-2)! (fc-3)! ’ 

which quickly leads to the desired expression for [A]. 

To compute the class of Y we proceed in a similar manner: we consider the map 

X ■ C X Ck -2 Ck given by x(y, D) := y + q + D. Then x*{x) = x + y and x*{0) = 
gy + 6 — y. For each {y, D) G C x Ck -2 we have a natural map 

HYKc\y+,+DY ^ H\KcY 

which globalizes to a vector bundle map fY : x*{Y^) H^{KcY 0 (^CxCk -2 then 
it is clear that Y = Zk-i{'f'^). Applying Thom-Porteous again, we obtain 


1 0 ^“^ 

^ ^ct(x*(pv))]fc-2 = ^ ((fe_2)! “ (A:-3)!^ 
_ {gy-\-9 - xY~‘^ (ot + 6 * - xY~^i'n + x) 


{k-2)\ {k-3)\ 

which after a straightforward calculation gives the class of Y. 


□ 
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We also need the following intersection theoretic result: 

Lemma 3.7. For j > Iwe denote by Tj := ( 712 )*the vector bundle on Ck -2 roith fibre 
Tj{D) = H^{C,jKc -jD) over each D G Ck- 2 - Then ci{Tj) = -f0-j{3j - 2){k - 2)x. 


Proof. We apply the Grothendieck-Riemann-Roch Theorem for the map 712 : CxCk -2 
Ck- 2 - We obtain that 


ci{Tj) = (7r2)*(^(l+j'((3A:-6)r/-7-x) + ^((3/c-6)7y-7-x)^) • (l-(2fc 

= -fe-ji3j-2)ik-2)x. 


1 

□ 


Next we compute the class of Xj^a when 2<j<k — 1. It is convenient to state 
our result as follows: 

Proposition 3.8. Let C be a general curve of genus 2k — 2 — j such that 2 < j < k — 1. We 
have the following relation in [C x Pic^^“-^“^(G)); 


. _ 2{2k-3)l ^ 0 ^k- 2 -j [3kj+ I2k-9j ^ 

^aO,a) _ 2)!(2A: - 3 - jyMk - 2 - 2k - 3 ^ 

Q2k—3—j„ g'y 2 . 

{2k - 5)(2fc - 3) {^^-^^k + l6k^+j{60-—k-We + 6k^)+f{15 + 2k-5k^) + -kf)y 

Proof. We fix an integer 0 < a < [j/2] and a divisor D G Ce of degree e > k—j — 1. We set 
d:=3k — 4: — j,T:=Dx Pic‘^(G) and denote by u,v : C xC x Pic‘^(C') C x Pic'^(G) the 
two projections and by Ja {P) the a-th jet bundle of the Poincare bundle on C x Pic'^(C'). 
Then V{D) := ( 712 )* (>C ® ^(7xPic'^(c)^^^) ^ vector bundle of rank e + A: — 1. For 

each a > 0 we define the vector bundle D) := n* {v*{C) ® G(o+i)A+i;*(r))/ where 

A c C X C X Pic'^(G) is the diagonal, and consider the vector bundle map 

cPa:Ja{C,Dy^{Tr2nV{D)y, 

which on fibres is the dual of the map H^{Lc 0 0{D)) H^{Lc 0 0(^a+i)y+D{D)) for 
each pair {y,Lc) G G x Pic'^(C). 

The cycle Xj^a consists of pairs {y,Lc) such that dim Ker((/>a(y, Lc)) > 1 and 
dim Ker((/)j_Q,+i(y, Lc)) > 2 and its class is given by the formula (cf. IFul .Theorem 
14.3): 

^j,Oi — G+l~“(o) ('k—l+oi—j{3 0 + 1) Ck-ai^} (-k—2+a—j{j O + 1), 

where q(/3) := ci {{ 712 )* {V{D))'^ - Ji 3 {C,DY). Srnce ctot{{T^ 2 y{V{D)) =e®andci(/:) = 
drj + y (independent of Zl!), after a short calculation we obtain that 

ci{y) ~ + {y + Y{d + fd{2k — 3 — j))rj) — 

A straightforward computation now leads to the stated formula. □ 
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For each integers 0 < a < k — 2 and b > 2 we shall define vector bundles Qa,b over 
^ 3 k -6 with fibre 

over every point (C, L) G Note that Q. 2 \ 0 k -2 = B, where B is the vector bundle 

we introduced in Proposition l2.5l Of course, the question is how to extend this descrip¬ 
tion over the divisors A°. First we will extend Ga,b over a~^(A4g U Aq U A^) and we start 
by constructing the vector bundles Go^b- 

Proposition 3.9. For each b >2 there exists a vector bundle Go,b over U A^ U Aq) c 

of rank k{3b — 2) — 6b+ 3 whose fibres admit the following description: 

• For {C, L) G 0^-^g, we have that Ga,b{C, L) = H^{C, L®^). 

• For t = {C Uy E, L) G (T“^(A5), where L is the linear series 03 ^^g on C determining 
a limit on C Uy E, we have that 

Go,b{t) = L®\-2y)) + C • C H\C, L®^), 

where u G H^{C, L) is any section such that ordy(n) = 0. 

• For t = {C/y ^ q, L) G (T“^(Ag), where q,y G C and L is a on C, we have that 

Go,b{t) = H\C, L®\-y -(?))© C • u'’ C H\C, L®'^), 
where u G H^{C, L) is a section such that ordy(tt) = ordg(tt) = 0. 

Proof Recalling that u : 0^ ^ M.g denotes the variety of limit g^s over all treelike 
curves of genus g, fhe morphism 03 ^^g ^ ^b( 3 k- 6 j~^^~^^ given by (C, L) (C, L®^) can 
be extended to a morphism Vb '■ ®b( 3 fc- 6 ) over AdgUAgUA^ as follows. We 

fix a point t = {CVJyEfi = {IcfiE)) a limit Sg^^g, where/c = {Lc,H'^{Lc)) G 
is such that H^{Lc) = H^{Lc{—2y)) © C • u, for a certain u G H^{Lc) with ordj,(u) = 0, 
while Ie = (Oe((3A: — 6 )y), { 2 k — 6 )p + \Ve\) (any limit Bg^^g or\C\Jy E is of fhis form). 
Then we set Ub{t) := if;), where if = {Lff, H^{Lff{—2y)) ®<C ■ vf C. H^{L®^)') and 

if = {OE{b{3k — 6 )p), {2k — 3)p + \ {k{3b — 2) — 66 + 3)p|). In other words, {if, if) is the 
6-th power of fhe original limit linear series g^fi^Q- 

For a point z = {C/y ~ q,Lc) G Ag with Lc being a 0 g^^g such that H^{Lc) = 
H^{Lc{-y-q))®C-u,wedeiineub{z) := {L®f, {L®f {-y - q)) ® C ■ C H^{L®f)). 

The fact that Vb can be constructed algebraically follows easily from the equations of the 
scheme 03 ^^g described in lEITll , pg. 358. The variety carries a tauto¬ 

logical vector bundle T = Tc with fibre over each point corresponding to a curve from 
M.^g U Aq being the space of global sections of the linear series, while the fibre over a 
point corresponding to a curve from Ag is fhe space of sections of fhe aspect of the limit 
linear series corresponding to the curve of genus g — 1. We define Gofi '■= 
description of fhe fibres of fhe vector bundle Gofi is now immediate. □ 

Flaving defined the vector bundles Go^b we now define inductively all vector bun¬ 
dles Gap- first we define Gi^b as the kernel of fhe multiplication map ^o,i ® Go^ Qo,b+if 
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that is, by the exact sequence 

0 -> Ql,b -> ^0,1 ® Oo,b -> ^0,6+1 -^ 0. 

Having defined Gi^b for alH < a — 1, we define the vector bundle Qa,b by the exact 
sequence 

(4) 0 -> Qa,h -^ A“t7o,l ® Go,b Ga-l,bM -^ 0- 

We now prove the right-exactness of the sequence lH]) which will ensure the correctness 
of the definition of Ga,b' 

Proposition 3.10. For integers b > 2 and 1 < a < i, the Koszul multiplication map da,b ■ 
A“^o,i ® Go,b Ga-i,b+i Is well-defined and surjective. In particular one can define the vector 
bundle Ga,b ■= I^er{da,b) over U Aq U A?) and the sequence (jH) makes sense. 

Proof. We do induction on a and start with the case a = 1. We only check the surjectivity 
of the map Go,i'^Go,b Go,b+i overthelocus(T“^(A'j’), the other cases, namely 
and (T“^(Aq) being quite similar. It is enough to show that if (7 is a sufficiently general 
curve of genus 2A: — 3, ?/ G C is a point and L G is a linear system with a 

cusp at y, then the map H^{L) 0 H^{L®^{—2y)) 2i/)) is onto. This is 

equivalent to H^{Ml 0 L®^{—2y)) = 0 which follows because of Proposition 12. II 

We now treat the general case 1 < a < i and we want to show that the Koszul 
map da^b '■ A“Tf°(L) 0 Go,b{F) Ga-i,b+i{G) is surjective for each b > 2 and for each 
{C,L) as above. For simplicity we have denoted Ga,b{L) = Ga,b{t), where t G (T“^(A'j’) 
is the point (C Uy E, 1), E is an arbitrary elliptic tail and I is a limit linear series having 
L as its C-aspect. We can then write (L)/{L{—2y)) = C • tt, where u G H^{L) is 
uniquely determined up to translation by an element from H^{L{—2y)). We first claim 
that the restriction of the Koszul differential 

d% : A^H^{L) 0 H°{L®\-2y)) 0 L®('’+^)(-2y)) 

is surjective. This is so because Coker{d^ f) = H^{A°'Ml 0 L®^{—2y)) = 0 (use again 
that Ml is a stable bundle). But then since 

0L®('>+i)(-22/)) C Ga-w{L) 

is a linear subspace of codimension (^Z^), to prove that da^b itself is surjective it suffices 
to notice that the image of the injective map A°‘~^H^{L{—2y)) 0^o,b+i(-^) 

given by 

a—1 

/l A ... A fa-1 1 -^ /l A ... A fa-1 0 A /l A ... A /z A ... A fa-l 0 fiu^ 

1=1 

is entirely contained in Im(da^b) and is clearly disjoint from (—2y)). 

□ 

To compute the intersection numbers of the divisors Zg^i with the test curves 
and we need to understand the restriction of the vector bundle Gi ,2 to X and Y. 
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Proposition 3.11. Let C be a general curve of genus 2k — 3 and k = 3i + 6 with i>0.IfC^ 
is the test curve in Ai obtained by attaching to C a fixed elliptic tail at a varying point of C and 
X = then we have the following formula: 


where 


Cl{ 02 ,i\x) = ^^'^{CxX + Crj'q + C^'y + Ce 0 ), 

27i* + 153^3 + 331i2 + 323i + 120 


c„ = —27i + 40, Cx = -- 


5i + 8 

C'Y — tt: ^ 7 , Cq — 


3i + 4’ 


(3i + 4)(i + l) 

27i^ + lOli^ + 124i + 48 
(3i + 3)(3z + 4) ■ 


Proof. For j > 2 we define the jet bundle := {uf){v* {OcxCk- 2 i-^^^)) ® ^ 2 a), 

where u,v : C xC x Ck -2 ^ C x Ck -2 are the projections. We have two exact sequences 
of vector bundles on X : 

0 ^ u,{v*(M®^) 0 C>(- 2 A))(^ ^ ^ 0 

and 

0 ^ u 4 v*(M^^) 0 0 (- 2 A))|^ ^ ^ ^ 0 , 

from which we can write that 

ci(0o,y a ) = ci(7r^(X,)ix) - ci((7r*,Kc 0 = 

= - - (3j + 4)(A: - 2 ) y + j7-J((3j -2)(k-2) - 1 ) x. 

From the exact sequences defining 2 we then obtain that 

i 

Cl{ 0 i, 2 \x) = ® ^ 0 ,«+ 2 |A')- 

/=0 

Note that Riemann-Roch gives that rk(i?o,/+ 2 ) = (3/c —6)/+4/c —9, while = 

-{k- 2)x). To obtain a closed formula for ci(^j 2 |a:) we now specialize to 
the case k = 3i + 6 and we write that 


+ 


CliG^, 2 \x) = I ((9^ + 12 ); + ( 12 z + 15)) ( . 

3i + 5 


i — I 


1=0 
\2 


3i + 4 
i —; — 1 


{-9 - {3i + 4)x)+ 


— {I + 2) 0 + (/ + 2)7 — (3i + 4)(3/ + 10)77 — [I 2)((3/ + 4)(3i + 4) — l)x 


A long but elementary calculation leads to the stated formula. 


□ 


A similar calculation yields the first Chern class of Gi^ 2 \Y' 

Proposition 3.12. Let {C, q) be a general pointed curve of genus 2k — 3 and the test curve 
in Aq obtained by identifying the fixed point q with a varying point y on C. IfY = a~^{C^), 
then we have the formula 

ci(f?i,2jy) = ^^\dxX + y + d0 9), 
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where 

27i^ + 153^3 + 331^2 + 323i + 120 _ 271^ + lOli^ + 124i + 48 

(3i + 4)(i + l) ’ (31 + 3)(3i + 4) 

Proof. We define Fg := C x {g} x Ck -2 and denote by i : C x Ck -2 ^ Fg the inclusion 
map. Then we have the exact sequences on Y 

0 ^ 0 0(-A - Fg))|^ ^ Goj^y Mp 0, 

and 

0 ^ 0 0 (-A))|^ ^ 0 OA+rJ|y ^ vr 2 *(.T-,)|y ^ 0 . 

Using that ci (A4) = {3k — 6)r] — 7 — x, it is now straightforward to check that 

ci{i*{v*{M^^) 0 0(-A))) = -jx - T], 

hence ci(0o,i|y) = cii^ 2 i^j))\Y +jx + r] = -fO + 7 - j{{3j -2){k-2)- l)x. But then 
as in the previous proposition we have that 

i 

Cl(f?i, 2 |y) = ^(-l)^Ci(A* ^f/o,l|y ® ^ 0 ,/+ 2 |y)) 

1=0 

which after some calculations yields the stated formula in the special case k = 3i+6. □ 

In what follows we extend the vector bundles Ga,b over the whole Roughly 

speaking, the fibre of Ga,b over a point corresponding to a singular curve C Uy D will 
be the space H^{C U D, A“M^ 0 L®^), where L will be a line bundle on C U U obtained 
by twisting appropriately a limit on C \J D. The twisting is chosen such that, 

the vector bundles Ga,b sit in the exact sequences lH]). In the next statement we use the 
notation introduced in Proposition l3.5l 

Theorem 3.13. For integers 0 < a < i, b > 2, or {a, b) = (0,1), there exists a vector bundle 
Ga,b over having the following properties: 

(1) If{C, L) G then Ga,b{C, L) = H^{A<^Ml 0 that is, G^^, = Ga,b- 

Ift = {C Uy D,Lc,Ld) G C with 2 < g{D) =j<k- l,g{C) = 

2k — 2 — j, Lc G W^frf^_j{C) and Ln ^ W^Z 2 +j{^)> ^^on there are two situations: 

(2) If2 < j < 2i +2, then Ga,b{t) = H\C U D^A^Mlcuu ® where Lcud = 

{Lc{—{j + 2)y), LD{—{k - 2 - j)y)) G (C) x Pic^-^(F>) is a globally generated 

line bundle onCVJD. 

(3) lf2i + 3 < j < 3i + 5and c := [(j+ 2)/2], then Ga,b(f) = H^{CUD, 0L^[^g)), 

where Lcud = {Lc{—cy)), L£){—{k — c)y)) G Pic^^~'^~^~‘^{C) x Pic-^+‘^“^(Il) is a globally 
generated line bundle on C U D. 

(4) There are exact sequences over ^^k-e' ^ ^ ^a-,b —> 0 Gofi —^ > 0. 
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Proof. For j > 2 the divisors are mutually disjoint and we can carry out the construc¬ 
tion of Ga,b over each open set U Aj) c and glue the resulting bundles 

together. We denote by tt : Cj ^ A4g U A° the restriction of the universal curve and 
by p : y = Cj x^ouAO ^ ^ 3 k- 6 - Then ((Tp)-i(A°) = Bj + D 2 k- 2 -j, where 

Dj (resp. D2k-2-j) denotes the divisor in y corresponding to the marked point being 
on the genus j (resp. 2k — 2 — j) component. If £ = Co^^k-e is the Poincare bundle 
on y chosen such that it parametrizes bundles having bidegree (0,3A; — 6) on curves 
[D \Jy C] G Aj, then for 6 > 1 we set 

Oo,b ■= P* ® Oy{-2bj Dj)) , when 2 < j <2i + 2, 

and ^ 0,6 := P* ® -2-1- c)Dj)) when 2i + 3 < j < 3i + 5. For each point 

t = {R = C Uy D, Lc, Lb) g cr“^(A°), we have that Qo,b{t) = H^{R, L^^), where in the 
case j < 2i + 2we have Lr = {Lc{-{j + 2)y),LD{-{k - 2 - j)y)) G Pic^’"~^{R) and 
since H^{R, = 0 for 6 > 2, it follows that is a vector bundle for all b > 1. When 

1 < a < z, the sheaves Ga,b are defined inductively using the sequences (|lll. For this to 
make sense and in order to conclude that Qa,b are vector bundles, one has to show that 

(5) H\R,A^ML^^Lf) = 0, 

for all b > 2 and 0 < a < i. To achieve this we use the Mayer-Vietoris sequence on R: 

together with the exact sequences 

0 —^ H^{LR\c{-y)) ® C>D —> Mill ® ^ ^ 0) 

and 

0 — ^ H^{LR\B{-y)) ® Oc — > Ml^ 0 Oc — > ^ 0- 

We obtain that (jS)) holds if we can show that 




and 


We only check this when j < 2i + 2 the remaining case being similar. Since = 

k-l-j andh^{LR\B) = j-M, the inequalities ^(C')-hmin{/i°(L^|c) - 1, z} < deg(LK|c) 
and g{D) + min{/z°(Lj:j[£)) — 1, z} < deg(Lj:j|£)) are satisfied precisely because j < 2z + 2 
and we can invoke Lemma l2Tl □ 


Next, for 0 < a < z and 6 > 1 we define vector bundles LLafi over having 

fibre Hij{C, L) = Ff°(A*Mpfe -2 (j)) over each point (C, L) G ^\k-G corresponding to an 

embedding C “-4 First we set?-fo,i := Qq,i and 7io,fe := Sym^7fo,i for 6 > 1. Having 
already defined 7ia-i,b for all 6 > 1, we define Ha^b via the exact sequence 

(6) 0 —> Hafi —^ A^Tfo.! ® Sym'^Tio,! —> Ha-yb+i —> 0. 

The bundles LLafi being defined entirely in terms of 7Yo,i, the right exactness of the 
sequence ® is obvious. There is a natural vector bundle morphism fa^b ■ LLa,b Ga,b 
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over when k = 3i + 6,a = i and 6 = 2, then rank(?-^j b) = rank(0j;,) and the 

degeneracy locus of 4 >i ^2 is the codimension 1 compactification over ® 3 ^r^g of the locus 
lAg^i defined in Proposition |231 

Next we compute the Chern classes of TLa,b along the curves X and Y : 
Proposition 3.14. When k = 3i + 6, we have the following formulas for the first Chern class 

ofni,2: 

= ci(h:i,2|r) = -(3z + 6)^^*^^^((3i + 4)x + 6'). 

Proof. Using repeatedly the sequence (O we obtain the formula 

i 

ci(’^j,2|x) = ci(Hj^2|y) = ® Sym*+^^o,i|x)- 

1=0 

Since ci(^o,i) = -O - (3f + 4)x and ci(Sym^(^o,i)) = (li+sKat+i) ci {Go,i), the 

stated formula is obtained after a straightforward calculation. □ 


In the remainder of this section we will compute ci(^j ^2 — ^ 1 , 2 ) • rr*{C^), where 
C Aj is the test curve associated to [C] G M. 2 k- 2 -j- We retain the notation intro¬ 
duced in Propositions 13.41 and 13.51 There are two definitions of the bundles Ga,b\( 7 *{A°) 
depending whether j < 2i + 2 or j > 2i + 3 and we will explain in detail the calculations 
only in the first case, the second being similar. We start by describing the Chern number 

of the restriction of ^ 0,1 to the 1 -cycle X]q=o on C x 


Proposition 3.15. Suppose C is a general curve of genus 2k —2 — j where 2 < j <2i + 2 and 
let c Aj c M- 2 k -2 be the test curve associated to C. Then 




-0 - j{{3k- j - Y)p + fi) - j{j + l){2k - 3-j)r] -F N, 


where 


P = 6(j + 1) 


/6i+10—jN /Gi+SN 
1 3i+6 )\ j ) 



Proof. For each 0 < a < jf2, we fix once and for all a linear series Ld G W^_ 2 _^_j{D) 
such that h^{LD{—{k -I- 1 — a)y)) = a and hfi{Lj:,{—{k + a — j)y)) = j — a (there are 
a{j, a) such and for each of them Xj „ x {Ld} is a component of a*{C^)). Just 

like in Proposition 13.81 we introduce the Poincare bundle £ on Xj „ and we define the 
sheaf on Xj^a given by V := tt 2 {tt 2 *C). Furthermore, for each a > 0 we consider the 
Taylor map Va : V ^ Ja{P) (the target being the a-th jet bundle of £), and we set 
Xa := Im(ua) C Ja{C) and Va+i := Ker(ua). 

For each pair {y,Lc) G Xj „ we have an exact sequence 

0 ^ h\D, LR\n{-y)) H\C Cy D, Lr) H\C, Lr\c) 0, 

whereL_R = [Lc{—{j + 2)y),LD{—{k — 2—j)y)) is the line bundle on CUU whose global 
sections give the fibre of (?o,i at each point in This exact sequence globalizes to 
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an exact sequence of vector bundles on Xj^a 

0 —^ H^{LD{-{k - 1 - j)y)) 0 ^ 'Pj+2 —^ 0 , 

thus ci(Sq iixj = ci{Vj+ 2 )- We now study how the bundles Fa relate to one another 
via the exact sequences 0 —> ® C, —> Ja{C) —> > 0 , linking 

successive jet bundles. Recalling that for a generic point (y, Lq) G we have that 
(y) = (0,..., a — 1, a + 1,..., j — a, j — a + 2,... , /c) (cf. Proposition l3.4ll . it follows 
that Ta = da(/l) for a < a — 2 , while Fa-i is obtained from Ja-i{C) via an elementary 
transformation along the divisor Di C Xj „ consisting of the b{ 2 k — 2 — j,k — 2 + a — j) 
points (y, Lc) G Xj^a where a^^^{y) = a. More precisely, one has the exact sequence 

0 ^ 0/10 Ox,,A-Di) ^0.-1 Ja-2{C) 0 . 

Furthermore, we have exact sequences 

0 —> 0 £ —. Fa+i —^ Fa -1 —^ 0 and 

0 —> —> Fa —> Fa-1 —> 0 , for all a + 2 < a < j — a — 2 . 

If D 2 C Xj^a is the divisor consisting of the b{2k — 2 — j,k — l + a — j) points (y, Lc) 
satisfying the condition = j — a + 1 , then we also have the exact sequences 

0 ^ 0 £ 0 Ox,,A-D 2) Fj-a F^-a-l 0, 

0 ^ 0 £ ^ Fj-a+2 Fj-a 0, 

and finally 

0 — > 111 (Rr®“) 0 £ — > Fa —> Fa -1 —> 0 , for j - a + 2 < a < A: — 1 . 


We gather all the information contained in these sequences to obtain that 

ci{Fj+i) = jci(£) +j{j + l)(y(C') - l)y - deg(£)i + D 2 ), and then 

= ci(^)-ci(JF;+i) = -6'-j((3A;-j-4)y+7)-j(i+l)(2/c-3-j)f?+K, 


[i/2] 

where F := E- {j, a) (^b{ 2 k — 2 — j,k — 2 + a — j) + b{ 2 k — 2 — j,k — 1 + a 

a=0 


j+1 

= y!(6/ + 10-j)!^ 


(j - 2 a- l)(j - 2 a)(j - 2 a + 1 )" 


(3/ + 5 — a)! (3z + 5 + a — j)! {j — a + 1)! a! 


a =0 


This sum can be computed with Maple which finishes the proof. 


j)) = 


□ 


Next we compute the Chern class of t/o,fe with b > 2. The proof being similar to 
that in Proposition l3.15l ('in fact simpler), we decided to omit it. 

Proposition 3.16. Let b>2 and 2 < j <2i + 2. Then for each 0 < a < j'/2 zee have that 
ci{Qo,b\XjJ = + 2)(7 + (3fe - 4 - j)r]) - ^ {2k - 3 - j)y. 


We turn our attention to the remaining components of a*{C^). First we show that 
Y”'^ does not appear in the computation of ci{Qi ^2 — klifi) ■ a*{C^): 
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Proposition 3.17. For 0 < a < j/2,a > 0 and b > 1, we have that ci{Ga,b) • Yj'a = 
Cl (Wa,fe) 0. 

Proof. Clearly, it suffices to show that ci(^o, 6 ) • = 0 for all 6 > 1 and then use the 

exact sequences (HI) and (H)). We carry this out only for 6=1 the case 6 > 2 being analo¬ 
gous. Fix I = (Lfl, Vd C H^{Ld)) G Yj"^. By duality Kd Lf{{k + 2 — a)y) is one of the 
a{j, a) (that is, finitely many) linear systems 0 ]_q,_|_i on D with a {j — 2a -|- l)-fold point 
at y. The space of sections Vd C H^{Ld) is chosen such that H^{LD{—2y)) C Vd, 
hence „ can be identified with the disjoint union of a{j, a) copies of the projec¬ 
tive line (Ld)/{LD{— 2y))), one for each choice of Ld- Then {Lcud\d) = 
H^{LD{—{k — 1 — j)y)), for each I G Yj"^ (that is, Go,i{l) is independent of Vd)- Global¬ 
izing this we get that Q„ .,„/// is trivial. □ 

’ I i,a. 


In a similar fashion we have the following: 

Proposition 3.18. For 0 < a < j/2,a > 0 and b >l,we have the equalities ci(Ga,b) ■ Yja — 
ci(Wa,fe)-y;„ = o. 


Proposition 3.19. For 0 < a < jl2 and b> 1, we have the equality 

b^{j - 2 a)j! 


Cl(^0,fe 


■Y- =-- 

J,0! 


al{j - a)! 


Proof. We start by recalling that Y^'^ is the locus of line bundles Ld & Pic^~^~^^ (D) such 
that h^{LD{—{k -|- 1 -|- a — j)y)) > j — a — 1 and hf{LD{—{k — a + 1)?/)) > a. Using MFull . 
Theorem 14.3, one finds that Y'-'^ = ■ Having fixed once and for all one of 

the finitely many linear series Lc G such that {Lc} x Y'-^ C there 

is an identification 

go,i{LD) = H\LD{-{k-2-j))y), 

for each Ld ^ Yj'^. Since the vector bundle Pic^”^’*"-^(T>) ^ Ld ^ H^{Ld 0 Oqy), is 
algebraically trivial for each f5 > 0 (remember that y G H is a fixed point), we obtain 
that ci(^„ .|y// ) = —9. Similarly, for 6 > 2 we get that ci(^„ ,,yii ) = —b‘^9 from which 

now the conclusion follows. □ 

Propositions 13.15113.161 ITTtI 13.18113.191 will enable us to compute the intersection 
numbers ci {Qi^ 2 —'FI-i, 2 )-er* [C^) needed to determine the coefficient of 5j in the expansion 
of [Zgi^iof. Repeatedly using (|6l) , one can write that 

(7) ci(7ii,2) = ^(-l)'ci(A'-'go,i®Sym^^2^o,i) = (3i + 6)('^* ^ ^^ci(go,i) 

1=0 V * / 

(note the similarity with Proposition l3.14l) . Using (|4]) we also have that 

i 

ci((?i, 2 ) = 1 )^ci(a* ^Go,! Z Go, 1 + 2 ), 

1=0 


(8) 
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and a simple calculation yields that 

... ... 13z 2 + 35z + 24/3z + 4 


(9) Ci(^i,2-Wi,2) = - 


(3i + 4)(i + l) 


Cl (1/0,i)+ 


; /3i + 5 


Cl(^0,«+2)- 


4. The slope oe 2:, 


6j+10,i 


In this section we finish the calculation of the class of the virtual divisor Zg^i. As 
before, we fix i > 0, /c = 3i + 6 and <7 = 6/ + 10, hence cj) : Hi ^2 Gi ,2 is a morphism 
between two vector bundles of the same rank defined over • 

Theorem 4.1. We fix i > 0 and denote by a : ©9*^12 ^ -^6i+io natural projection map. 

Then we have the following formula for the class of the pushforward to Afoi+io of the virtual 
degeneracy locus of the morphism f : Hi ^2 Qi,2- 


(y*{ciiGi 2 -ni 2 )) = 

ivu*,2 ^ 4 ^ 2f + 1, i + 2 


^ ^aA — 60 <^0 — • • • — ^ 31+5 <^ 31 + 5 ^ , 


where 


(4i + 71(6/2+ 19f+ 12) 12/2+ 31/+ 18 12/2 + 33/+ 20 

a =-^---7-, bn = -7-7-, oi =- and 

(2/ + 3)(/ + 2) 3(2/+ 3) i + 2 


jfifj) 


-,/or2 < j < 2/ + 2, 


' 6(/ + l)(/ + 2)(2/ + 3)(6/ + 9-j)’2 

/(/, j) = 864 /^ - (240j - 5256)/"^ + (16j2 - 998j + 11830)/^ + 

+ (31j/'2 - l2Mj + 11585)/2 + (-5j2 - 286j + 3981)/ - 24/ + 240j - 216, 


2(13/2 + 35/ + 24)(3/ + 5) / 3/+ 4 V g{ij) 

(/ + !)(/ +2)/yo) V(j-l)/2y ^ 12(/ + l)(/ + 2)(2/ + 3)(6/ + 9-j) 

for an odd j such that 2i + 3 < j < 3/ + 5, where 

g{i,j) = 1728j/^ - (576j2 - 10512j + 540)/^ + (48j^ - 2592/ + 24120j - 3234)/^+ 
(140/-3926j2+25176j/'-7278)/2+(109j^-2107j2+10875j-7263)/+12j3-156/+972j-2700 
and 

^ _ (13/2 + 35/ + 24)((3/ + 5)(2j + l)-/) /^3/+ 5^ __ 

' 2(/ + l)(/ + 2)(3/ + 5)/y°) V j/2 y 12(f + l)(i + 2)(2/ + 3)(6/ + 9-j)’ 

for an even j such that 2/ + 3 < j < 3/ + 5, where 
h{i,j) = 1728j/® - (576j2 - 10512j + 1020)/^ + {iSf - 2592j2 + 24280j - 6034)/^ + 
(140/-3942j2+25830j/'-13400)/2+(109/-2145j2+11774j/--13230)/+12j3-180j2+1392j-4896. 

In particular, bj > bo for alll < j <3i + 5 and 

.(<7.(c,(e,2 - W,2))) - - ,i2f2 + 3ii + 18){i + 2)' 
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Proof. Since codim(Aig — > 2 , it makes no difference whether we compute 

the class — ^1,2) on Mg or on Mg and we can write 

— Wi,2) = — Bq 60 — Bi 5 i — ■ ■ ■ — -634+5 (isi+s ^ Pic(Adg), 

where A, ( 5 o, • • •, <^34+5 are the generators of P\c[Mg). We sfart with the following: 

Claim: One has the relation A — 12Bo + 61 = 0 . 

We pick a general curve [C, q] G Adei+g,! arid at the fixed point q we attach to 
C a Lefschetz pencil of plane cubics. If we denote by 6 C Mg the resulting curve, 
then R ■ X = 1 , R ■ 5o = 12 , R ■ 61 = —1 and R • 5j = 0 for j > 2 . The relation 
A — 12Bq + 61 = 0 follows once we show that cr*{R) ■ ci{Qi ^2 — 64 , 2 ) = 0. To achieve 
this we check that Go,b\o-*{R) is trivial and then use (11]| and (ID). We take [C Ug E] to be an 
arbitrary curve from R, where E is an elliptic curve. Using that limit 09^+12 on CUgU are 
in 1 : 1 correspondence with linear series L G WgZ+iV^) having a cusp at q (this being 
a statement that holds independent of E) and that ^o, 6 |ct*(A°) consists on each fibre of 
sections of the genus g — 1 aspect of the limit 09 *^ 12 ' ihe claim now follows. 

Now we determine A, Bq and 61 explicitly. We fix a general pointed curve (C, q) G 
Adei+g,! arid construct the test curves C Ai and C Aq. Using the notation 
from Proposition 13.31 we get that a* (C») • ci(^ 4^2 — 64,2) — ci(^4_2|y) — ci(?f4,2|y) and 
• Cl(^4,2 - 64,2) = ci((/4,2[x) - ci{ni^2\x) (the other component T of a*{C^) does 
not appear because ^o,b|r is trivial for all b > 1 ). On the other hand 

0° • ct*(ci(^ 4,2 - 64,2)) = (12i + 18 ) 6 o - 61 and ■ o-*(ci(^4,2 - Hi,2)) = (12i + 16 ) 6 i, 

while we already know that A — 12Bq + 61 = 0 . Using Propositions 13 .Ill 13.121 l 3 T^ the 
expressions for [A] and [Y] as well as the well-known formula = gl/{g — j)l 

on Ck- 2 r we get a linear system of 3 equations in A, Bq and 61 which leads to the stated 
formulas for the first three coefficients. 

To compute Bj for 2 < j < 3 i -|- 5 , we fix general curves [C] G Adei+io-j and 
[D,y\ G Mj,i and consider the test curve C A^. Then on one hand we have that 
2 ( 6 i -|- 9 — j)Bj = (T*(C'i) • ci(^4_2 — Hi,2), on the other hand 

b/2] 

cj*(C'i)-ci(^4,2-64,2) = ci{gi,2-Hi,2)-'^(^{a{j,a)Xj,a+b{6i+10-j,3i+5+a-j)Y-'^y 

Q = 0 

Using (| 9 l) together with Proposition | 3 T 9 l we get that 

[1/2] 

ci(^ 4,2 - Hi, 2 ) ■ ^ b{6i + 10 - j,3i + 5 + a - j)Y-[^ = 

a=0 

_ 19 / -F 12)j!(6i -HO - j)!(3i 2)! (j - 2a - l)(j - 2a)^(j - 2a-H) \ 

i!(2i -|- 4)! 0 “ (3/ -|- 5 — a)! {3i + 5 + a — j)l) ^ 

which can be computed by Maple, whereas ci(^4^2 — Hi,2) ■ (X]o=o can be 

computed using (| 9 ]) and Propositions 13.151 and 13.161 (note in particular that H has to be 
multiplied by the coeffcient of ci(^o,i) in Q). The rest now follows and checking that 
bj > bo for J > 1 is elementary. □ 
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Remark 4.2. If we retain the notation of Theorem 14.1[ we see that if we fix 3 > 1 and 
let i vary, we have that limj^ool^ = 6j- This is the same asymptotical estimate as in the 
case of the classical Brill-Noether divisors where ^ for all j > 1 (cf. IIEH3II 1. 

Theorem 4.3. Assume that vector bundle morphism (p : Hi^2 Si,2 is non-degenerate at a 
general point from Then 2^6i+io,i is « divisor on Mei+io and 


6 < 


3{4i + 7) + I9i + 12) ^ 12 

(12f2 +31f-hl8)(f+ 2) ^ g + l 


Remark 4.4. Since (T“^(A5) is irreducible, to verify the assumption made in Theorem 
I4.3l it suffices to show that if C C is a general 1-cuspidal curve with pa(C') = 6f-|-10 

and deg(C') = 9i + 12, then C satisfies property(Nj). We checked this for g = 16, 22 (cf. 
Remarks 12.91 and I2.11II . while the case g = 19 was treated in BFPL The assumption in 
Theorem 14.31 implies that p is non-degenerate over a general point from (j“^(Ag) and 
also over a general point from cr“^(Ad°), which is equivalent to Zg^i being a divisor on 
M^g. Therefore the assumption is slightly stronger than Conjecture 12.61 


Proof of Theorem 14.31 We denote by Z{p) the degeneracy locus of p, thus cj*(Z((/))) is 
a divisor on Afgi+io.i such that a»{Z{p)) = Zg^i + Ylf=o certain coefficients 

dj > 0. Using the Remark above we obtain that do = di = 0, hence s(2^6i+io,i) = 
s(o'*(ci(Si ^2 — 1 ^ 1 , 2 ))) and the rest follows from Theorem l4.1[ □ 

Remark 4.5. In the simplest case i = 0, we can compare the formula for [Zgi^iof with 
our findings in |FP| . Theorem l4. II gives the formula 

4 44 685 

u*(ci(^o ,2 — 1 ^ 0 , 2 )) = 42(7A — 5o — 561 — -62 — 7^3 — ^^4: — 

whereas Theorem 1.6 from IFP I says that if /Cio is the divisor on A4io of curves lying on 
a K3 surface then 


/Cio — 7A — Jq — — 9^2 — 12(53 — 14(54 — 

where 65 > 6 . Since we have also established the set-theoretic equality Zio,o = ^10 (cf. 
fFPl . Theorem 1.7), it follows that there is a scheme-theoretic equality Zio,o = 42/Cio. 
Here 42 is the number of pencils gj on a general curve of genus 10, and its appearance 
in the formula of [2^io,o] has a clear geometric meaning: if a Brill-Noether general curve 
[C] G A 4 io fails {No) for one linear system gf2 = Kc{—qI), then it fails (Nq) for all 42 
linear systems 9^2 it possesses, that is, the map a : Uiofl lSio,o is 42 : 1. Moreover, the 
vector bundle morphism Ho,2 So,2 is degenerate along each of the boundary divisors 
A 2 ,..., A 5 . This situation presumably extends to higher genera as well hence the main 
thrust of Theorem l4.1l is that it computes s(Zei^io,i)- 

To finish the proof of Theorems II. H and II.21 we specialize to the cases g = 16 and 
22 and note that the assumption made in Theorem [43] is satisfied in these situations (cf. 
Theorems 12.71 and 12.1011 . 
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5. An effective divisor on 

In this section we describe how to construct effective divisors on Mg,n using 
syzygy type conditions for pointed curves. We treat only one example. We denote 

by z\^ Q the closure in of the locus q of smooth pointed curves [C,p] G Wii 4 ,i 

for which there exists a linear series L G Wfg(C') such that the map 

PL,p : ^ H\C,L^\- 2 p)) 

is not an isomorphism. Just like the in the case of the loci Zg^i on M.g, the locus Z\^ q 
can be naturally viewed as the pushforward of the degeneracy locus of a morphism 
between two vector bundles of the same rank 21 over 0 ®g Af 14 , 1 . 

We are going to show that zI^ q is a divisor and in order to compute its class we 
need some preparations. Recall that for g > 3, the group Pic(Alg,i) is freely generated 
by A, the tautological class and the boundary classes 6 i = [Aj] with 0 < i < g — 1, 
where for i > 1 , the generic point of A* is a union of two smooth curves of genus i and 
g — i meeting at a point, the marked point lying on the genus i component. We denote 
by TT : Mg^i Mg the natural forgetful map. We can then write the class of 2^14 0 on 
Mii^i as 

ZJ 4 0 = a A + c ?/) - 60 <^0 - - 613 (ii 3 - 

As before, we will determine the relevant coefficients in the expression of [z\^ q] 
by intersecting our divisor with various test curves. 

Proposition 5.1. Let C be a general curve of genus 14 and C = vr“^([C']) C Mia^i, the 
test curve obtained by letting the marked point vary along C. Then C ■ 2^4 q = 12012 , hence 
c = C- Z\^^j{ 2 g - 2 ) = 462. 

Proof. Let us fix a linear series L G Wf^{C). We count the number of points p & C, for 
which the multiplication map pL,p not injective. If pi : C x C ^ C and p 2 '■ C x C ^ C 
are the two projections, we define the vector bundles 

£ ■■= iP 2 Upl{L) Z Ocxc(-A)) and A := ip 2 UpUL®^) ® Ocxc(-2A)). 

There is a natural multiplication map pi : Sym^(£’) ^ T, and the cardinality of its 
degeneracy locus is just c\{fF) — ci(Sym^(£’)). A simple calculation shows that ci(£') = 
—4x — 9 = —18, hence ci(Sym^(£’)) = —126, while ci(jr) = —98. We obtain that pL,p is 
not an isomorphism for precisely 28 points p ^ C. Since C has 429 linear series gfg (cf. 
lACGHIh . we obtain c={C ■ ^44 q)/26 = 429 • 28/26 = 462. □ 

For more relations among the coefficients of [^14 0 ] we define the map u : Mip —> Mgp 
obtained by attaching to each 2-pointed elliptic curve [E, q,p] a fixed general 1-pointed 
curve [C, q] G Mg-i (the point of attachment being q). One has the pullback formulas 

u*{X) = A, u*{ip) = V’p, u*{ 6 o) = 60 , u*{ 6 i) = -V’q and u*{ 6 g-i) = 6 gp, 

where tpp and ipq are the tautological classes corresponding to the marked points p and 
q, while 5qp is the boundary component of curves having a rational tail containing both 
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q and p. On Ad 1,2 these classes are not independent and we have the relations il^q = iljp, 
X = ipp — 6qp and (5o = 12('0p — 6qp) (see e.g. IIAC2L Proposition 1.9). 

Proposition 5.2. If u : Adi ,2 ^ Adi 4 ,i is as above, then i'*{z\,^q) = 0. It follows that we 
have the relations 

a — 1260 + ^13 = 0 and c + bi = 613 . 

Proof We assume that [X = C Uq E,p e E] e q. Then there exists a limit linear 
series gfg on X determined by its aspects Lq G and G Wf^{E), together 

with compatible elements 

PC G ^er{pLc ■■ Sjm^H\Lc) ^ H\Lf)}, pE G Ker{p,.^ : Sym^H^LE) - 
satisfying the inequality 

ordq{pc) + ordq{pE) > deg(Lc) + deg(L£;) = 36 

and such that G Sym^d/°(L^(—p)) (see IFPL Section 4, for how to study multiplica¬ 
tion maps in the context of limit linear series). Because (C, q) G Adi 3 ,i is general, the 
vanishing sequence of Lc at q equals (0, 2,3,4, 5, 6 , 7), the vanishing sequence of Le 
at q is (11,12,13,14,15,16,18) and finally, the vanishing sequence of Le at p is either 
(0,1, 2, 3,4, 5, 6 ) or (0,1, 2, 3,4, 5, 7), depending on whether p — g G Pic°(i7) is a 7-torsion 
class or not. 

We claim that ordq{pE) < 29(= 13 -|-16 = 14 -|-15). Indeed, otherwise ordq{pE) > 
30(= 14-1-16 = 15-1-15), and since G Sym^77°(L£;(—p)), after subtracting base points 
Pe becomes a 7 ^ 0 element in the kernel of the map Sym^i7*^(A) ^ where 

N = L£;(—p —14g) G Pic^(T^). This is obviously impossible. Therefore ordg(p£;) < 29, so 
by compatibility, ordq(pc) > 7(= 2-1-5 = 3-1-4). We now show that when (C,p) G Adi 3 ,i 
is chosen generically, there can be no such element pc which leads to a contradiction. 

Claim: Suppose uo, ct 2 , 0 - 3 , CJ 4 , 0 - 5 , ue, 0-7 is a basis of H^{Lc) adapted to the point q in 
the sense that ordq((Tj) = i. If W{q,Lc) C Sym? H^{Lc) denotes the 17-dimensional 
subspace spanned by the elements Uj • aj with 4 < f < j < 7, 0-3 • Uj for j > 4 and a 2 ■ crj 
for j > 5, then the restriction of the multiplication map W{q, Lc) H^{L‘^{—7q)) is an 
isomorphism. (Note that W(q, Lc) does not depend on the chosen basis {uj}). 

The proof of this claim is similar to the proof of Theorem 5.1 in IIFPL It is enough 
to construct a single 1-cuspidal curve A C P® with Pa{X) = 14 and deg(A) = 18, 
such that if 1 / : C —> A is the normalization of X and q £ C is the inverse image 
of the cusp, then X does not lie on any quadric contained in W[q,i'*{Ox{!)))■ We 

construct the following cuspidal curve: define T c P® to be the image of the map t 1 —> 
[1, f®, f^], then choose a general hyperplane H C P® which intersects T in 

distinct points pi,... ,P 7 . Take D c 77 to be a general smooth curve of genus g{D) = 7 
and deg(i9) = 11 which passes through pi,... ,P 7 . Then X := T U 79 is a curve of 
arithmetic genus 14 and degree 21 having a cusp at the point q = /(O) G T. The quadrics 
in W {q, V* (Ox (1))) can of course be written down explicitly and to show that D can be 
chosen such that it is not contained in any quadric from W{q, i'*{Ox{i))) amounts to a 
simple counting argument. □ 
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Remark 5.3. The claim we have just proved also shows that g is a divisor on A^i 4 1 . 
Alternatively, this can be proved in the same way as Theorem l2.7l 

We now determine the coefficient 61 : 

Proposition 5.4. Consider general curves [E,p,q] G Adi, 2 (ind [C] G Adig, and denote by 
C Adi4,i the test curve consisting of points {[C Ug E,p G -E]}{ggc}- Then ■ 2^14,0 = 
133848, therefore bi = ■ ^44 0/24 = 5577. 

Proof. Throughout the proof we will use the notations introduced in Proposition 13.111 
From the proof of Proposition l5.2l it is clear that the intersection number - 2 ^ 14,0 equals 
the number of pairs {q, D) e X C C x Cq such that the map 

W{q,Kc{-D)) ^ H\K^\-2D - 7q)) 

is not an isomorphism. To compute this number we construct the rank 17 vector bun¬ 
dle W over X having fibre W{q, D) = W{q, Kc{—D)) over each point ((?, D) G X. The 
curve C being general, the vanishing sequence will be generically equal 

to (0, 2,3,4,5, 6 , 7), while at a finite number of points (g, D) ^ X we will have that 
_ ( 0 ,2,3,4,5, 6 , 8 ). In order to compute ci(FF) we note that W has a sub¬ 
bundle Wi C W which fits into two exact sequences: 

0 —^ Sym^u^{v*{M) 0 0(-4A))|^ —> Wi ^ u^{v*{M) 0 O(-4A))|^0P —. 0, 
where "P = u^,[v*{M) 0 |^, and 

0—^ Wi ——^n4i;*(Ad)0O(-5A))|^0n*(i;*(Ad)0ji/Ti)|^ —^ 0. 
Next, we consider the multiplication map W u^[v*{M®‘^) 0 C>(—7A))j^ whose de¬ 
generation locus we want to compute. The intersection number • 0 i 4 ,o is equal to 

(^ci(n*(i;*(A4®2) 0O(-7A))) -ci(iy)) ■ [A] = (30 - 7x - 7 + 18??) ■ [A] = 133848, 

as it turns out after a short calculation. Here we have used that ci (FP) can be computed 
from the two exact sequences involving W and Wi, while 

0 0(-7A))) = Cl (As) - ci(J6(Ad®2)) = -40 - 34x + Uy - 756??. 

□ 

Since 61 = 5577 we now obtain that 613 = 61 -|-c = 6039. To compute the coefficient 
ho (and thus the A-coefficient a) we use our last test curve: 

Proposition 5.5. Let {C,q,p) G Adi 3,2 be a general 2-pointed curve. We denote by C 
Ad 14,1 the family consisting of curves {[C/y ~ q,p]}{y(zc}- Then = c -|-2660 — 613 = 

24453. It follows that bo = 1155 and a = 7821. 

Proof. We retain the notations introduced in Proposition 13.121 We construct a vector 
bundle map Sym^(f) ^ A over the curve Y c C x Cq, where £’ = ??* (v*{M) 0 0{—Tp)) 
is the bundle with fibre £{y, D) = [Kc{—D — p)), while A is the bundle with fibre 

E{y,D) = {-2D-2p-y-q)) (BC C H\Kf {-2D-2p)), 
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where H^[Kc{—D — p))/H^[Kc{—D — p — y — q)) = C ■ t, for every (y, D) £ Y. 

It is easy to show that Cl (<5) = — 5x — 0, hence ci(Sym^(<5)) = —35x —70. Theclass 
Cl (JF) can be computed from the exact sequence 

® 0(-2rp - Tg - A)) ^ .F ^ ^ 0(-2rp)) ^^(-A) 0, 

where A = V n 7 r^^(p) is the effective divisor on the curve V consisting of all points 
{p,D) such that h^{p + q + D) > 2. Using the formula for [U] (cf. Proposition 13.1211 . 
we get that |j4| = 429. We also compute that ci (n*(c*(A4®^) 0 0{—2Tp — Tq — A))) = 
—40 — 40x — 33p + 27 and of course ci(Al®^ (X) C>(— 2 rp)) = 2(177? — 7 — x). Therefore 
we can write that 

773 .^ 14^0 = (ci(.F) -ci(Sym2(F))) ■ [U] - |7l| = (-7x + 30 + 7?) • [U] - |^| = 24453. 

□ 

We have thus far determined the coefficients a,c,bQ,bi,bi 3 in the expansion of 
[. 2 ^ 440 ]. This is already enough to conclude that [^ 140 ] lies outsidetheconeof Pic(Ali 47 ) 
sparmed by pullbacks of effective divisors from A 4 i 4 , Brill-Noether divisors on A 4 i 47 
and boundary divisors (see the discussion after Theorem 11.41 for the relevance of this 
result). To get a bound on the remaining coefficients bj for 2<j< 12 , we use a variant 
of Theorem 1.1 from IFPi . The boundary divisor Aj C A 4 i 47 with 3 < j < 12, j / 4 is 
filled-up by pencils Rj obtained by attaching to a fixed 2-pointed curve [B,p, q] £ Mj ^2 
a variable 1-pointed curve [C, y] £ A 4 i 4 -yi moving in a Lefschetz pencils of curves of 
genus 14 — j sitting on a fixed K3 surface. Deformations of Rj cover Aj for j ^ 2,4, 

hence we have that Rj ■ ^14,0 > 0. Since one also has the relations (see IFPI , Lemma 2.4) 

i?j • A = 15 — j, Rj ■ 6j = — 1 , Rj ■ 60 = 6(17 — j),Rj ■ 'ijj = 0 and Rj • = 0 for z / 0, j, 

we immediately get the estimate bj > 15-1- 27j for all 3 < y < 12, j 7 ^ 4. To obtain the 
bounds 62 > 325 and 64 > 271 we use similar pencils filling up A 2 and A 4 respectively. 
We skip these details. This completes the proof of Theorem ll.4[ 


6. The Kodaira dimension of Mg^n 


In this last section we use the effective divisors 2^i6,i and ^ 22,2 to improve Logan's 
results about which moduli spaces M-g^n are of general type. For a general reference 
about Pic(A43,n) we refer to IAC2I and [Log |. For each 1 < i < re we denote by vTj : 
■Mg,n -^ 3,1 the morphism forgetting all marked points except the one labelled by i 
and we also consider the map vr : Aig^n —> A4g which forgets all marked points. We 
recall that the canonical class of Aig,n is given by the formula 

n 

= 13A — 25o + '^ipi-2 ^ 5i-,s — ^ bi-,s- 


^Mg,n 


2 = 1 


2>0, S 


Here ipi is the tautological class corresponding to the z-th marked point, while 6i:s with 
z > 0 and 0 ^ S C {l,...,re} denotes the class of the boundary divisor with generic 
point being a union of two curves of genus z and g — i such that the marked points on 
the genus z component are precisely those labelled by S. 
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Proof of Theorem lOl We start with the case g = 22 and we show that ^22,2 is of general 
type. On M-22,2 we consider the averaged pullback of the Weierstrass divisor 

W12 ■■= 7 r*,(W) + TT^iW) = -2 A + + f2) - Ci:sSi:S, 

i>O,S^0 

where Ci^s > 0, and significantly, the coefficient of 5o is 0. By Theorem ll.2l we have an¬ 
other effective class, namely [vr*(Z 22 , 2 )] = (5o-), wherec > 0. One can easily 

check that J^M 22 2 written as a positive combination of [Vki 2 ], [t^* { 2 - 22 , 2 )],fi + f ’2 

and some other boundary classes. Since -01 + f )2 is big and nef, it follows that At 22,2 is 
of general type. 

When g = 21 we use the maps Xi,j • Al 2 i ,5 ^ Al 22 for 1 < f < j < 5, where 
Xi,j identifies the marked points labelled by i and j and forgets those labelled by {z, jY- 
The Q-divisor class 

X] xlj{222,2) = + -), where c> 0 , 

i<j i=l 


is obviously effective on Al 2 i, 5 - Since the Q-class —A -|-11 Ym=i — 0 • (io — • • •, is also 
effective (cf. | Log) , Theorem 5.4 - we have retained only the coefficients that play a 
role in our argument), once again we see that ^ can be written as the sum of an 

effective divisor and a positive multiple of fi- 

Finally we settle the case g = 16: we adapt Theorem 5.4 from [Log | to conclude 
that the Q-class —A -|- z/ij) — 0 ■ (5o — ■ ■ ■ , is effective on At 16,9 (precisely, this 

is the class of the S'g-orbit of the closure in Ali 6,9 of the effective divisor D on Ali 6,9 
consisting of points [C,pi,... ,pg] such that {C, 2pi + • • • + 2pY +p8+pg) >2 and we 
have explicitly indicated that the coefficient of (5o is 0 and retained only the coefficients 
that are significant for this calculation). The class [7r*(2i6,i)] = c(^ A —(5o — • • •)/ where 
c > 0, is also effective and one writes Kj^ as a positive sum of these two effective 


AI16.9 

classes, boundary classes and the big and nef class 


□ 


Remark 6.1. Theorem 6.3 from | Log| claims that Al 22,4 is of general type but the nu¬ 
merical argument used in the proof seems to be incorrect. 
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